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We consider Laplacians acting on sections of homogeneous vector bun- 
dles over symmetric spaces. By using an integral representation of the heat 
semi-group we find a formal solution for the heat kernel diagonal that gives 
a generating function for the whole sequence of heat invariants. We show 
explicitly that the obtained result correctly reproduces the first non-trivial 
heat kernel coefficient as well as the exact heat kernel diagonals on two- 
dimensional sphere S 2 and the hyperbolic plane H 2 . We argue that the 
obtained formal solution correctly reproduces the exact heat kernel diago- 
nal after a suitable regularization and analytical continuation. 
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1 Introduction 

The heat kernel is one of the most powerful tools in mathematical physics and 
geometric analysis (see, for example the books Il24l [T71 |26l [T3l |27l and reviews 
0[T§1[T21[H1[3T]|)- The short-time asymptotic expansion of the trace of the heat 
kernel determines the spectral asymptotics of the differential operator. The co- 
efficients of this asymptotic expansion, called the heat invariants, are extensively 
used in geometric analysis, in particular, in spectral geometry and index theorems 

proofs 123 na. 

There has been a tremendous progress in the explicit calculation of spectral 
asymptotics in the last thirty years (231 S IH SI US EH- It seems that further 
progress in the study of spectral asymptotics can be only achieved by restricting 
oneself to operators and manifolds with high level of symmetry, in particular, 
homogeneous spaces, which enables one to employ powerful algebraic methods. 
In some very special particular cases, such as group manifolds, spheres, rank- 
one symmetric spaces and split-rank symmetric spaces, it is possible to determine 
the spectrum of the Laplacian exactly and to obtain closed formulas for the heat 
kernel in terms of the root vectors and their multiplicities Q3 [HI [191 l2Ql |26l 1221 . 
The complexity of the method crucially depends on the global structure of the 
symmetric space, most importantly its rank. Most of the results for symmetric 
spaces are obtained for rank-one symmetric spaces only IfTHl . 

It is well known that heat invariants are determined essentially by local ge- 
ometry. They are polynomial invariants in the curvature with universal constants 
that do not depend on the global properties of the manifold Il24l . It is this univer- 
sal structure that we are interested in this paper. Our goal is to compute the heat 
kernel asymptotics of the Laplacian acting on homogeneous vector bundles over 
symmetric spaces. Related problems in a more general context are discussed in 

2 Geometry of Symmetric Spaces 
2.1 Twisted Spin-Tensor Bundles 

In this section we introduce the basic concepts and fix notation. Let (M, g) be an 
^-dimensional Riemannian manifold without boundary. We assume that it is com- 
plete simply connected orientable and spin. We denote the local coordinates on 
M by x M , with Greek indices running over 1, . . . ,n. Let e/ be a local orthonormal 
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frame defining a basis for the tangent space T X M so that 

r = 8 ab e/e b \ (2.1) 

We denote the frame indices by low case Latin indices from the beginning of the 
alphabet, which also run over 1, . . . , n. The frame indices are raised and lowered 
by the metric 6 ab . Let e a fl be the matrix inverse to e/, defining the dual basis in 
the cotangent space T*M, so that, 

g MV = 5 ah e%e\ . (2.2) 

The Riemannian volume element is defined as usual by 

Jvol = dx\g\ l/2 , (2.3) 

where 

|g|=det^ v = (det e /) 2 . (2.4) 
The spin connection co ab fl is defined in terms of the orthonormal frame by 

. .ab _ an b _ _ a b M 

= e av d^e b v] - e" v <V a v] + e c ,e av e hA d [A e c v] , (2.5) 

where the semicolon denotes the usual Riemannian covariant derivative with the 
Levi-Civita connection. The curvature of the spin connection is 

R a bfiv = duo/^y - d v co a bjX + (o a clx a> C by - afcyofbn • (2.6) 

The Ricci tensor and the scalar curvature are defined by 

R av = e/e b a R% v , R = g» v R, v = efe b v R a \ v . (2.7) 

Let T be a spin-tensor bundle realizing a representation S of the spin group 
Spin(n), the double covering of the group SO(n), with the fiber A. Let Y, ab be 
the generators of the orthogonal algebra SO(n), the Lie algebra of the orthogonal 
group S 0(n), satisfying the following commutation relations 

[Zab, ^cd] = Sac^bd + 8bc^ad + ^ad^bc ~ &bd^ac ■ (2.8) 

The spin connection induces a connection on the bundle T defining the co- 
variant derivative of smooth sections </? of the bundle T by 

V^ = U + ^co ab ^ ab \<p- (2-9) 
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The commutator of covariant derivatives defines the curvature of this connection 
via 

[V^VJ^V^W. (2-10) 

As usual, the orfhonormal frame, e a M and e/, will be used to transform the co- 
ordinate (Greek) indices to the orthonormal (Latin) indices. The covariant deriva- 
tive along the frame vectors is defined by V„ = e/V^. For example, with our 
notation, V a V b T cd = e/e b y e c a e/V i y v T afi . 

The metric 6 a b induces a positive definite fiber metric on tensor bundles. For 
Dirac spinors, the fiber metric is defined as follows. First, one defines the Dirac 
matrices, y a , as generators of the Clifford algebra, (represented by 2 [ " /2] x 2 [ " /2] 
complex matrices), 

Jajb + Jbja = 2<5 ab I S , (2.11) 

where I s is the identity matrix in the spinor representation. Then one defines the 
anti- symmetrized products of Dirac matrices 

y ai ...a k =7[«, ■■■7a k ]- (2.12) 

Then the matrices ^ 

^ab = -jjab (2.13) 

are the generators of the orthogonal algebra SO{n) in the spinor representation. 
The Hermitian conjugation of Dirac matrices defines a Hermitian matrix /?Qby 

yl=By a B'\ (2.14) 

which defines a Hermitian inner product <^</? = i^fitp in the vector space of spinors. 
We also find the following important relation 

R a \ d 7ab7 cd = -2R ab abh = -2R h , (2.15) 

where R is the scalar curvature. 

In the present paper we will further assume that M is a locally symmetric space 
with a Riemannian metric with the parallel curvature 

V^ r5 = 0, (2.16) 



'The Dirac matrices y a b and the spinor metric /3 should not be confused with the matrices jab 
and Pij defined below. 
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which means, in particular, that the curvature satisfies the integrability constraints 

R f8 eaR e h cd ~ R fS ebR e ac d + R fS ec^dab ~ R^ed^cab = . (2. 17) 

Let G Y m be a compact Lie group (called a gauge group). It naturally defines 
the principal fiber bundle over the manifold M with the structure group Gym- We 
consider a representation of the structure group G ¥ m and the associated vector 
bundle through this representation with the same structure group G Y m whose typ- 
ical fiber is a fc-dimensional vector space W. Then for any spin-tensor bundle T 
we define the twisted spin-tensor bundle *V via the twisted product of the bundles 
*W and T . The fiber of the bundle *V is V = A <g> W so that the sections of the 
bundle *V are represented locally by ^-tuples of spin-tensors. 

Let Jibe a connection one form on the bundle <W (called Yang-Mills or gauge 
connection) taking values in the Lie algebra Q YM of the gauge group G Y m- Then 
the total connection on the bundle *V is defined by 

= {d M + X -of b ^ ah <g> I w + I A ® <p , (2.18) 

and the total curvature Q. of the bundle *V is defined by 

[V / ,,V V ]^ = Q^, (2.19) 

where 

Qfiv = -jR^ n^ab + , (2.20) 

and 

7> = d^y - d v ^ + ftj (2-21) 

is the curvature of the Yang-Mills connection. 

We also consider the bundle of endomorphisms of the bundle <V. The covariant 
derivative of sections of this bundle is defined by 

V M X = (d M + l -co ab ^ X + X] , (2.22) 

and the commutator of covariant derivatives is equal to 



[V„, V V ]X = j< v E^ + [T^X] . 



(2.23) 
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In the following we will consider homogeneous vector bundles with parallel 
bundle curvature 

V^ = 0, (2.24) 
which means that the curvature satisfies the integrability constraints 

[Ted, Tab] - R f acdT fh - R ] ' bcd T af = . (2.25) 

2.2 Normal Coordinates 

Let x' be a fixed point in M and U be a sufficiently small coordinate patch con- 
taining the point x' . Then every point x in tl can be connected with the point x' 
by a unique geodesic. We extend the local orthonormal frame e/{x') at the point 
x' to a local orthonormal frame e/(x) at the point x by parallel transport 

ef{x) = g^Ax,x)e/(x), (2.26) 

e%(x) = g/(x,x')e a Ax'), (2.27) 

where g M v >(x, x') is the operator of parallel transport of vectors along the geodesic 
from the point x' to the point x. Of course, the frame e/ depends on the fixed 
point x' as a parameter. Here and everywhere below the coordinate indices of the 
tangent space at the point x' are denoted by primed Greek letters. They are raised 
and lowered by the metric tensor g^v'ix') at the point x' . The derivatives with 
respect to x' will be denoted by primed Greek indices as well. 

The parameters of the geodesic connecting the points x and x', namely the unit 
tangent vector at the point x' and the length of the geodesic, (or, equivalently, the 
tangent vector at the point x' with the norm equal to the length of the geodesic), 
provide normal coordinate system for tl. Let d(x, x') be the geodesic distance 
between the points x and x' and cr{x, x') be a two-point function defined by 

oKJ)-\w.O?. (2.28) 

Then the derivatives o- ;M (x, x') and cry(x, x') are the tangent vectors to the geodesic 
connecting the points x and x' at the points x and x' respectively pointing in op- 
posite directions; one is obtained from another by parallel transport 

cr v = -g/cr-y . (2.29) 

Here and everywhere below the semicolon denotes the covariant derivative. 
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The operator of parallel transport satisfies the equation 

<r*%gV=0, (2.30) 

with the initial conditions 

fp (2-31) 

x=x ^ 

It can be expressed in terms of the local parallel frame 

g\,{x,x') = e/{x)e a Ax'), (2.32) 

g/(x,x') = e%(x)e/(x'). (2.33) 
Now, let us define the quantities 

/ = e%a v = -tffO* , (2.34) 

so that 

cr" = e/y a and a*' = -e/y a . (2.35) 
Notice that y" = at x = x' . Further, we have 

dy a 

£ = -e«» tr^ , (2.36) 
so that the Jacobian of the change of variables is 



det I "-h I = V) dett-o-^U, x')] . (2.37) 



dy a 
dx 

The geometric parameters y a are nothing but the normal coordinates. By using 
the Van Vleck-Morette determinant defined by| 

A(x, x') = \g\- l/2 (x')\g\- l/2 (x) det[-ov(x, x')] , (2.38) 

we can write the Riemannian volume element in the form 

Jvol = dy A~ l (x, x') . (2.39) 

Let P(x, x') be the operator of parallel transport of sections of the bundle *V 
from the point x' to the point x. It satisfies the equation 

o-* 1 V„P = 0, (2.40) 



Do not confuse it with the Laplacian A defined below. 
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with the initial condition 



r 



(2.41) 



Any spin-tensor (p can be now expanded in the covariant Taylor series 

CO 

<p(x) = P(x, x') ^ - [V (C1 • • • V Ck) <p] (x')/ ] • • • /* . (2.42) 



k=0 



Therefrom it is clear, in particular, that the frame components of a parallel spin- 
tensor are simply constant. 

In symmetric spaces one can compute the Van Vleck-Morette determinant ex- 
plicitly in terms of the curvature. Let Kbe anx n matrix with the entries 



K a „=R a cM y c y d . 



Then (51 00 



and, therefore, 



dy a 



,sin VK, 



A(x, x') = det rM 



* e b 

D V ' 



(2.43) 
(2.44) 
(2.45) 



Vsin VT, 

Thus, the Riemannian volume element in symmetric spaces takes the following 
form 



d vol = dy det™ 



'sin VF 



(2.46) 



V vT ) 

The matrix (sin ^^K)| ^[K determines the orthonormal frame in normal co- 
ordinates, and the square of this matrix determines the metric tensor in normal 
coordinates, 



ds 



'sin 2 V£ A 



K 



dy a dy b . 



(2.47) 



lib 



Let us define an endo-morphism valued 1-form tR a by the equation 

V v r = P& a e\,o-*' v . (2.48) 
Then for bundles with parallel curvature over symmetric spaces one can find it 

explicitly mi am 

(l- cos yTV' 



^■a - -^bcy c 



K 



(2.49) 
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This object determines the gauge connection in normal coordinates, 



ft = -ftcf 



l-cosVK 
K 



adf. 



(2.50) 



This means that all connections on a homogeneous bundle are essentially the 
same. In particular, the spin connection one-form in normal coordinates has the 

form 

(I - cos V#Y 



(Ob - ~ K bcdy 



K 



e dy e 



(2.51) 



Remarks. Two remarks are in order here. First, strictly speaking, normal 
coordinates can be only defined locally, in geodesic balls of radius less than the 
injectivity radius of the manifold. However, for symmetric spaces normal coor- 
dinates cover the whole manifold except for a set of measure zero where they 
become singular |[T8ll . This set is precisely the set of points conjugate to the fixed 
point x' (where A _1 (x, x') = 0) and of points that can be connected to the point 
x' by multiple geodesies. In any case, this set is a set of measure zero and, as we 
will show below, it can be dealt with by some regularization technique. Thus, we 
will use the normal coordinates defined above for the whole manifold. Second, 
for compact manifolds (or for manifolds with compact submanifolds) the range 
of some normal coordinates is also compact, so that if one allows them to range 
over the whole real line R, then the corresponding compact submanifolds will be 
covered infinitely many times. 



2.3 Curvature Group of a Symmetric Space 

We assumed that the manifold M is locally symmetric. Since we also assume that 
it is simply connected and complete, it is a globally symmetric space (or simply 
symmetric space) 11321 . A symmetric space is said to be compact, non-compact 
or Euclidean if all sectional curvatures are positive, negative or zero. A generic 
symmetric space has the structure 

M = M xM s , (2.52) 



where Mo = R" and M s is a semi-simple symmetric space; it is a product of a 
compact symmetric space M + and a non-sompact symmetric space M_, 



M s = M + x M_ 



(2.53) 
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Of course, the dimensions must satisfy the relation n +n s = n, where n s = dim M s . 

Let A 2 be the vector space of 2-forms on M at a fixed point x' . It has the 
dimension dim A 2 = n(n - l)/2, and the inner product in A 2 is defined by 

(X,Y)= 1 -X ah Y ab . (2.54) 
The Riemann curvature tensor naturally defines the curvature operator 

Riem : A 2 -» A 2 (2.55) 

by 

(RiemX) ab = ^R ah cd X cd . (2.56) 

This operator is symmetric and has real eigenvalues which determine the principal 
sectional curvatures. Now, let Ker(Riem) and Im(Riem) be the kernel and the 
range of this operator and 

n(n — 1) 

p = dimlm(Riem) = dim Ker (Riem) . (2.57) 

Further, let /t„ (i = 1 ,...,/?), be the non-zero eigenvalues, and E' ab be the cor- 
responding orfhonormal eigen-two-forms. Then the components of the curvature 
tensor can be presented in the form IfTOl 

Rabcd = PikE l a bE k c d , (2.58) 

where B ik is a symmetric, in fact, diagonal, nondegenerate p x p matrix 

(B ik ) = 6iag(A 1 ,...,A P ). (2.59) 

Of course, the zero eigenvalues of the curvature operator correspond to the flat 
subspace M Q , the positive ones correspond to the compact submanifold M + and 
the negative ones to the non-compact submanifold M . Therefore, Im(Riem) = 
T X M S . 

In the following the Latin indices from the middle of the alphabet will be used 
to denote tensors in Im(Riem); they should not be confused with the Latin indices 
from the beginning of the alphabet which denote tensors in M. They will be raised 
and lowered with the matrix Bik and its inverse 

08 a ) = diag(^ 1 ,...,A; 1 ). (2.60) 
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Next, we define the traceless nxn matrices D { = (D a ib ), where 



Then 



D"tb - -B ik E k ch 6 c " . 


(2.61) 


R C 'bcd = -D"ibE l cd , 


(2.62) 


K b d - P L> ibL> kd > 


(2.63) 


R\ = -B ik D a ic D c kb , 


(2.64) 


R = -B ik D a ic D c ka . 


(2.65) 



Also, we have identically, 

D a j[b E\ di =0. (2.66) 

The matrices D ( - are known to be the generators of the holonomy algebra, C H, 
i.e. the Lie algebra of the restricted holonomy group, H, 

[D i ,D k ]=F j ik D j , (2.67) 

where F^ ik are the structure constants of the holonomy group. The structure con- 
stants of the holonomy group define the px p matrices i 7 ,, by (F$k = F j ik , which 
generate the adjoint representation of the holonomy algebra, 

[F i ,F k ]=F j ik F j . (2.68) 

These commutation relations follow directly from the Jacobi identities 

F' j[k F J ml] =0. (2.69) 

For symmetric spaces the introduced quantities satisfy additional algebraic 
constraints. The most important consequence of the eq. (12.171 ) is the equation 

ma 

E l ac D C kb - E'b c D c ka = F' k jE J a b . (2.70) 

It is this equation that makes a generic Riemannian manifold a symmetric space. 
Now, by using the eqs. (12.671 ) and (12.701 ) one can prove the following: 

Proposition 1 The matrix B ik is H-invariant and satisfies the equation 

B ik F k ^B lk F k ^ = ^. (2.71) 



Ivan G. Avramidi: Heat Kernel on Homogeneous Bundles 



11 



This means that the matrices F, satisfy the transposition rule 

(Ff = -BFfi- 1 , (2.72) 

which simply means that the adjoint and the coadjoint representations of the 
holonomy algebra 'H are equivalent. In particular, this means that the matrices 
Fi are traceless. Such an algebra is called compact [fT6l . 
Another consequence of the eq. (12.701) are the identities 

D a i[bRc]ade + D ' i[dR e ]abc = 0, (2.73) 

R a c D c ib = D a ic R c b . {2.1 A) 

This means, in particular, that the Ricci tensor matrix commutes with all matrices 
Dj and is, therefore, an invariant matrix of the holonomy algebra. Thus, 

R\ = -h\R , (2.75) 

n s 

where h a b is a projection (a symmetric idempotent parallel tensor) to the subspace 
T X M S of the tangent space of dimension n s , that is, 

h a b = ha , h a h h h c = h a c , h" a = n s . (2.76) 

It is easy to see that the tensor h ab is nothing but the metric tensor on the semi- 
simple subspace T X M S . 

Since the curvature exists only in the semi-simple submanifold M s , the com- 
ponents of the curvature tensor R a bcd, as well as the tensors E' ab , are non-zero only 
in the semi-simple subspace T X M S . Let 

q a b = 8 a b -h a b (2.77) 

be the projection tensor to the flat subspace R"° such that 

q a b = qba , q a bq b c = q\ , q\ = »o , q a bh b c = . (2.78) 

Then 

Rabcdq a e = R a bq a e = E l ab q a e = D° ib q e = D" ib q a e = . (2.79) 

Now, we introduce a new type of indices, the capital Latin indices, A, B, C, . . . , 
which split according to A = (a, i) and run from 1 to N = p + n. We define new 
quantities C A B c by 

C' ab = E'ab, C a jh = -C a bi = D" ib , C\i = F'ki , (2.80) 
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all other components being zero. Let us also introduce rectangular p xn matrices 
T a by {T a y c = E j ac and the n x p matrices f a by {f a ) b i = -D b ia . Then we can 
define N x N matrices Ca = (C a , C,) 



C n = 





T„ 



T 




Q = 



A 

Fj 



(2.81) 



so that (C A ) B C = C B AC . 

Theorem 1 The quantities C A B c satisfy the Jacobi identities 

C A B[cC C DE] = . 

This means that the matrices C A satisfy the commutation relations 

[C A , Cg] = C c abCc > 



or, in more details, 



[C a , Cj,] 
[Ci,C a ] 
[Q,Ck\ 



D b i a Cb, 
F j ik Cj, 



(2.82) 



(2.83) 



(2.84) 
(2.85) 
(2.86) 



and generate the adjoint representation of a Lie algebra Q with the structure con- 
stants C a bc- 

Proof. This can be proved by using the eqs. (I2T661) . (12^671) . (12391) and (I2J01) OH. 

For the lack of a better name we call the algebra Q the curvature algebra. 
As it will be clear from the next section it is a subalgebra of the total isometry 
algebra of the symmetric space. It should be clear that the holonomy algebra "K 
is the subalgebra of the curvature algebra Q. The curvature algebra exists only in 
symmetric spaces; it is the eq. (12.701) that closes this algebra. 

Next, we define a symmetric nondegenerate N x N matrix 



(Tab) 



S ab 
Pa 



diag 



1, . . . , . . . ,Ar 



(2.87) 



This matrix and its inverse (y ) 



diag(l,. 



8 ab 
B ik 

be used to lower and to raise the capital Latin indices. 

Finally, by using the eqs. (12.701) and (12.711) one can show the following 



A~ l ) will 
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Proposition 2 The matrix y AB is G-invariant and satisfies the equation 

7abC B cd + 7dbC b C a = 0. (2.88) 

In matrix notation this equation takes the form 

(C A ) T = -yC A y- 1 , (2.89) 

which means that the adjoint and the coadjoint representations of the curvature 
group are equivalent. In particular, the matrices C A are traceless. 

Thus the curvature algebra Q is compact; it is a direct sum of two ideals, 

= &o® 0s, (2.90) 

an Abelian center Qq> of dimension n and a semi-simple algebra Q s of dimension 
p + n s . 

It is worth mentioning that although the holonomy algebra *H is compact the 
(indefinite, in general) metric, /3, 7 , introduced above is not equal to the (positive 
definite) Cartan-Killing form, p i; , defined by 

tr TM DiD k = D a ih D h ka = -p ik , (2.91) 

so that 

p ; * = diag(4...,4), (2.92) 

and 

B ik Pik =R. (2.93) 

Similarly, the generators F t satisfy 

tr H FiF k = FJ im F m kj = -4^W , (2.94) 

where 

R H = -\p ik F j im F m kj . (2.95) 
The Killing-Cartan form tr G C A C B for the curvature algebra Q is defined by 

2 

tr G C a C h = h ah R, (2.96) 

n s 

tr G C i C ; = -(l+4^)p ;7 , (2.97) 

tr G C a Q = 0. (2.98) 
Notice that it is degenerate and is not equal to the metric y AB . 
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2.4 Killing Vectors Fields 

We will use extensively the isometries of the symmetric space M. We follow the 
approach developed in IfTOl |2l 151 [T3l . The generators of isometries are the Killing 
vector fields £ defined by the equation 



v^ v + v v ^ = o. 

The integrability conditions for this equation are 



(2.99) 



(2.100) 



By differentiating this equation, commuting derivatives and using curvature iden- 
tities we obtain 

V,V v Z A = -R\ ail C, (2.101) 

which means, in particular, 

A£ A = -R A a £ a . (2.102) 

By induction we obtain 



' l*2k+\ 



■V^ A = (-l) k R A Miaitl2 R a > 



-pXk-\ C a k 
tkHlkh ' 



V • V ( A = (-l) k R A R a[ ■■■R ak ' V £ ttk (2 1041 



(2.103) 



These derivatives determine all coefficients of the covariant Taylor series (|2.42l) 
for the Killing vectors, and therefore, every Killing vector in a symmetric space 
has the form 



= (cos VZ)W) + 



sin 



{ Vk ) 



or 



&x) = (( VZcot <K) a ^(x') + { a -Ax')f } ^~ 



dy a 



(2.105) 



(2.106) 



Thus, Killing vector fields at any point x are determined by their values % a {x') and 
the values of their derivatives £ a ]C (x') at the fixed point x'. 

Similarly we can obtain the derivatives of the Killing vectors 



f ;b (x) = e'; h (x')-R a bc d y a 



-R a bcdy d 



sin V^Y 



1 - cos 
K 



(2.107) 
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The set of all Killing vector fields forms a representation of the isometry al- 
gebra, the Lie algebra of the isometry group of the manifold M. We define two 
subspaces of the isometry algebra. One subspace is formed by Killing vectors 
satisfying the initial conditions 



= 0, 



(2.108) 



and another subspace is formed by the Killing vectors satisfying the initial condi- 
tions 



0. 



(2.109) 



We will call the Killing vectors from the first subspace translations and the Killing 
vectors from the second group rotations. However, this should not be understood 
literally. 

One can easily show that the initial values ij a (x?) are independent and, there- 
fore, there are n such parameters. Thus, there are n linearly independent transla- 
tions, which can be chosen in the form 



/> fl = (VZcotVZ)\A, 



so that 



e b P H = 8 b 



P * 

1 a ;v 



(2.110) 



(2.111) 



It is worth poiting out that the nature of the lower index of the Killing vectors 
PJ 1 is different from the frame indices. This means, in particular, that the covariant 
derivative of P/ does not include the spin connection associated with the lower 
index. In other words, P/ are just n vectors and not the components of a (1, 1) 
tensor. 

On the other hand, the initial values of the derivatives £ a ;c (x') are not inde- 
pendent because of the constraints (|2.100l) . These constraints are valid only in the 
semi-simple subspace T X M S . However, in this subspace, due to the identity (12.731) . 
it should be clear that there are p linearly independent rotations 



T. - - D b. v aj[_ 

' u,y dy h ' 



(2.112) 



satisfying the initial conditions 



x=x' 



= 0, e\e b v U 



= -D a 



ib ■ 



(2.113) 
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More generally, by using (12.1071) we also obtain 

( sin 



„a vn ft _ pa d 



e\e b v L?, v = -D a ih +R a bcd y a 



1 - cos 
K 



e y f D e - 



if ' 



(2.114) 



(2.115) 



This means, in particular, that the derivatives of all Killing vectors have the form 

ft fl * = -#W, (2.116) 

where rj A are defined by 



ja 



(2.117) 



and the matrix a' } = (py) is the inverse matrix of the Cartan-Killing form p 
defined by (12.911) . Notice that 



(2.118) 



= 0> r,/ 

Then, from the eq. (12.1011 ) we also immediately obtain 

riA i ;b = -E i ab ^ A a . (2.119) 

By adding the trivial Killing vectors for flat subspaces we find that the dimen- 
sion of the rotation subspace is equal to 

n (n - 1) 



p + n n s + 



(2.120) 



Here n n s is the number of mixed rotations between M and M s and n (n - l)/2 
is the number of rotations of Mq. Since p < n s (n s - l)/2, then the above number 
of rotations is less or equal to n(n - l)/2 as it should be (recall that n = n + n s ). 

In the following we will need only the Killing vectors P a and L t defined above. 
We introduce the following notation (£4) = (P a , L,). 

Theorem 2 The Killing vector fields £4 satisfy the commutation relations 

[U^b\=C c ab ^ c , (2.121) 

or, in more detail, 

[P a ,Pb] = E' ab Li, 
[Li, P a ] = D b ia P b , 
[Li,L k ] = F j ik Lj. 



(2.122) 
(2.123) 
(2.124) 
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Proof. This can be proved by using the explicit form of the Killing vector fields 
obtained above IfTUll . 

Notice that they do not generate the complete isometry algebra of the sym- 
metric space M but rather they form a representation of the curvature algebra Q 
introduced in the previous section, which is a subalgebra of the total isometry 
algebra. 

It is clear that the Killing vector fields L, form a representation of the holon- 
omy algebra f H, which is the isotropy algebra of the semi-simple submanifold M s , 
and a subalgebra of the total isotropy algebra of the symmetric space M. 

Proposition 3 There holds 

>-c £ b >-c £ b _ /~<C £ b nb £ c £ d m n<\ 

?A;«SB ;c _ Sb;oSA ;c - L ABSC ;a — K acdSA SB , 

and 

FhmM = C c AB r]^ - & cd ?J B d . (2. 126) 

Proof. By differentiating the eq. (12.1211) and using (12.1011) we obtain (12.1251) . 
Finally, by using (12.1 161) and the holonomy algebra (|2.67l) we obtain (|2.126l) . 
Now, we derive some bilinear identities that we will need in the present paper. 

Proposition 4 The Killing vector fields satisfy the equation 

/ V& v = 5 ab P/P b v + B ik L?L k v = g» v , (2.127) 

Proof. This can be proved by using the explicit form of the Killing vectors. 

Proposition 5 There holds 

•ftftfrt = R a Av»- (2.128) 
Proof. This follows from eqs. (I2TT0TT) and (I2TT271) . 
Proposition 6 There holds 

y A %^ B v . J3 = 0, (2.129) 

y^k^tf = #V>. (2.130) 
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Proof. Let 

and 

We compute 
and 



T^v = /W;v (2.131) 

^=/%%&V (2-132) 

^ [jTfiav = 9/jpva ~ R^fiva > (2.133) 



VyVg7y (Q ,y R^p-ypT^ ' va + RvaypT^ [10 • (2.134) 

All higher derivatives of T^ va are expressed linearly in terms of r^ VQ , and its first 
derivative V^r^y with coefficients polynomial in curvature. 

Let x' be a fixed point. We will show that the tensor together with all its 
co variant derivatives is equal to zero at x = x'. This will then mean that r Mva = 
identically and, therefore, from eq. (|2.133l) that O^avp = R^avp- 

We have 

t»% = 5 ab P/P b a , v + B ij LfLj a . v . (2.1 35) 



and 

Therefore, 
and 

Therefore, 



PS* = t ab P/ ;a P b v $ + PW-^j* ■ (2- 136) 

t^vU =0 (2.137) 

& 1 avp\ x=x , =R M av(3- (2.138) 

^4^=0. (2.139) 

Thus, by induction, all derivatives of T Mva vanish, and, therefore, T^ va = identi- 
cally. This also proves (12.1301 ) by making use of (I2.133I ). 

Let i, j be non-negative integers. We define the tensors which are bilinear 
in Killing vectors by 

X (i ,/ v ai .. Mj = / B V ttl • • • V a £/V A • • • V^/ . (2.140) 

Theorem 3 1. The tensors X^j) are G '-invariant and parallel, that is, 

V A X (iJ) = 0. (2.141) 



2. For even (i + j) the tensors are polynomial in the curvature tensor. 
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3. For odd (i + j) the tensors X {j ^ are identically equal to zero. 

Proof. First of all, we notice that (1) follows from (2) and (3). 

There are three cases: a) both i = 2k and j = 2m are even, b) both i = 2k + 1 
and j = 2m + 1 are odd, and c) i = 2k is even and j = 2m + 1 is odd. 

In the case (a), when both i and j are even, by using the eqs. (12.1031) and 
(12.1271) we immediately obtain a polynomial in the curvature. 

In the cases (b) and (c) by using the eqs. (12.1031 ) and (12.1041 ) we reduce it to 
the tensors y AB ^ A M - a ^ B v fi and y AB ^ A fJ ^ B v ^ • Now, by using the lemma we prove the 
theorem. 

Proposition 7 There holds 

AV=0, (2.142) 
/VV=f. (2-143) 

Proof. This follows from the definition of r/ A l (12.1 171 ) and eqs. (12.1291 ) and 
(121301) . 

2.5 Homogeneous Vector Bundles 

Equation (12.251 ) imposes strong constraints on the curvature of the homogeneous 
bundle < W. We define 

!Bab = T cd q c a q d b , (2.144) 

&ab = T cd h c h h d b , (2.145) 

so that 

S ab h a c = 0, & ah q a c = 0. (2.146) 
Then, from eq. (12.251 ) we obtain 

[S ah ,S cd ] = [S ab ,6 cd ]=0, (2.147) 

and 

[&cd, &alA ~ R J acd&fb ~ R hcd&af = • (2. 148) 

This means that S ab takes values in an Abelian ideal of the gauge algebra Qym 
and & ab takes values in the holonomy algebra. More precisely, eq. (12.1481) is only 
possible if the holonomy algebra "H is an ideal of the gauge algebra Qym- Thus, 
the gauge group G YM must have a subgroup Z x H, where Z is an Abelian group 
and H is the holonomy group. 
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We proceed in the following way. The matrices D a ib provide a natural embed- 
ding of the holonomy algebra *K in the orthogonal algebra SO(ri) in the following 
sense. Let X a b be the generators of the orthogonal algebra SO(ri) is some represen- 
tation satisfying the commutation relations (12.81) . Let T t be the matrices defined 
by 

T^—D^X^. (2.149) 

Proposition 8 The matrices Tj satisfy the commutation relations 

[T i ,T k \=F j ik T j (2.150) 

and form a representation T of the holonomy algebra "H. 

This can be proved by taking into account the orthogonal algebra (12.81) . 

Thus Tj are the generators of the gauge algebra Q YM realizing a representation 
T of the holonomy algebra < H. Since £> a b takes values in the Abelian ideal of the 
algebra of the gauge group we also have 

[S ab ,Tj]=0. (2.151) 

Then by using eq. (12.701) one can show thatH 

B ab = -R cd ab X cd = -E i ab T i . (2.152) 
Proposition 9 The two form 

Fab = -E'abTi + S a b 

= -^abXcd+Sab (2.153) 

satisfies the constrains ( 12.251) , and, therefore, gives the curvature of the homoge- 
neous bundle "W. 

Now, we consider the representation £ of the orthogonal algebra defining the 
spin-tensor bundle T and define the matrices 

G a b = ^ab ®I x + h®X ah . (2.154) 



3 We correct here a sign misprint in eq. (3.24) in [ 10 1. 
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Obviously, these matrices are the generators of the orthogonal algebra in the prod- 
uct representation 2 <g> X. 
Next, the matrices 

Q i = ~D a ib J b a (2.155) 
form a representation Q of the holonomy algebra f H. and the matrices 

% = Qi ® h + h 9 T t 

= - l -D a ih G b a (2.156) 

are the generators of the holonomy algebra in the product representation % = 
Q®T. 

Then the total curvature, that is, the commutator of covariant derivatives, 
(12.201) of a twisted spin-tensor bundle *V is 

Q-ab = -E l a b% + £>ab 

= \R cd abG cd + S ab . (2.157) 

Finally, we define the Casimir operators of the holonomy algebra in the repre- 
sentations Q, T and K 

T 2 = C 2 (H, T) = flTiTj = -R abcd X ah X cd , (2. 158) 

4 

Q 2 = C 2 (H, Q) = pJ&Qj = -R abcd I< ab L cd , (2.159) 

4 

n 2 = C 2 {H,K) =0%nj = -R abcd G ab G cd . (2.160) 

4 

They commute with all matrices T t , Qi and % respectively. 

2.6 Twisted Lie Derivatives 

Let (f be a section of a twisted homogeneous spin-tensor bundle T. Let £4 be the 
basis of Killing vector fields. Then the covariant (or generalized, or twisted) Lie 
derivative of ip along % A is defined by 



£av = £i A <f = (v& +s A )<p, 



(2.161) 
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where V & = 

S A = T lA %= l -U a ; b G b a , (2.162) 
and j] A ' are defined by (|2.1 171) . Note that 

5^ = 0. (2.163) 

Proposition 10 There hold 

AB^^C ~ 

<R AB + ® AB )<p, (2.164) 

V £l S fl = ^, (2-165) 
[5 A ,5 B ] = C C AB 5 C -^ AB , (2.166) 

^AB = ^A a ^B b E' abR-i 

= -\R cd abU a tB b G cd , (2.167) 

Sab = ^X- (2.168) 

Proof. By using the properties of the Killing vectors described in the previous 
section and the eq. (|2.157l) we obtain first (12.1641) . Next, by using the eqs. (12.1 191 ) 
we obtain (12.1651 ), and, further, by using the eq. (12.1261 ) we get (12. 1 661 ). 
Notice that from the definition (12.1441 ) we have 

P c a h!"B ab = LfLfBd, = , (2.169) 

and 

P c a P d b ® ab = <B cd . (2.170) 
This means that the matrix S AB has the form 

and, therefore, 

C a bc £ad = 7 BD C A BC S DE = . (2. 172) 
We define the operator 

£ 2 = 7 AB £ A £ B . (2.173) 
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Theorem 4 The operators £ A and £ 2 satisfy the commutation relations 

[£a, £b] = C C AB £ C + Bab, (2.174) 



or, in more details, 



and 



[£a,£b] = E'atLi + Sat, (2.175) 

Ui,Za\ = D b ia £ h , (2.176) 

[£i,£j] = F k u £ k , (2.177) 

[£ A ,£ 2 ]=2y BC !B AB £ c . (2.178) 



Proof. This follows from 

[£a,£b] = + [%,S B ] - [V iB ,S A ] + [S A ,S B ] (2.179) 

and eqs. (I2T641) . (I2T651) . and (I2T661) . The eq. (1271781) follows direcdy from 
(I2T741) . 

The operators Xa form an algebra that is a direct sum of a nilpotent ideal and 
a semisimple algebra. For the lack of a better name we call this algebra gauged 
curvature algebra and denote it by Q gauge . 

Proposition 11 There hold 

y AB ^S B = 0, (2.180) 

y AB Vf A S B = 0, (2.181) 

y AB S A S B = <R 2 . (2.182) 

Proof. This can be proved by using the eqs. (12.1421) . (12.1651) and (12.1431) . 

Theorem 5 The Laplacian A acting on sections of a twisted spin-tensor bundle 
<V over a symmetric space has the form 

A = £ 2 -K 2 . (2.183) 

[£ A ,A] = 2y BC !B AB £c. (2.184) 

Proof. We have 

/ b XaXb = /^V^ + / B S A V ffl + / B V fA 5 B + y^ B S A S B . (2.185) 

Now, by using eqs. (12.1271) and (12.1291) we get 

/%V fj! = A. (2.186) 

Next, by using the eqs. (12.1651) . (12.1811) and (12.1821) . we obtain (12.1831) . The eq. 
(12.1841) follows from the commutation relations (12.1741) . 
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2.7 Isometries and Pullbacks 

Let (J be the canonical coordinates on the holonomy group and (k A ) = (p a ,co l ) 
be the canonical coordinates on the gauged curvature group. We fix a point x' so 
that the basis Killing vectors fields £4 satisfy the initial conditions (12.1 11| )- (|2. 1131) 
and are given by (l2TTT0l) - (l2TTT2l) . Let £ = (k,0 = k A £ A = p a P a + co% be a 
Killing vector field and let iff t : M —> M be the one-parameter diffeomorphism 
(the isometry) generated by the vector field Let x = if/ t (x), so that 

dx 

-j-=tm (2.187) 
dt 

and 

x\ t=Q = x. (2.188) 
The solution of this equation depends on the parameters t, p, co, x and x', that is, 

x = x(t, p, co, x, x') . (2.189) 

We will be interested mainly in the case when the points x and x' are close to 
each other. In fact, at the end of our calculations we will take the limit x = x' . In 
this case, as we will show below, the Jacobian 

det(— )*0 (2.190) 

is not equal to zero, and, therefore, coordinates p can be used to parametrize the 
point x, that is, the eq. (12.1891 ) defines the function 

p = pit, co, x, x, x) . (2.191) 

We will be interested in those trajectories that reach the point x' at the time t = 1. 
So, we look at the values x(l,p, co, x, x') when the parameters p are varied. Then, 
as we will show below, there is always a value of the parameters p that we call p 
such that 

Jc(l, p, co, x, x) = x . (2.192) 

Thus, eq. (12.1921 ) defines a function p = p(co, x, x'). Therefore, the parameters p 
can be used to parameterize the point x. Of course, 



p{co, x, x) = p(l, co, x , x, x) 



(2.193) 
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Now, we choose the normal coordinates y" of the point defined above and the 
normal coordinates y" of the point x with the origin at x', so that the normal coordi- 
nates y' of the point xf are equal to zero, y' a = 0. Recall that the normal coordinates 
are equal to the components of the tangent vector at the point x' to the geodesic 
connecting the points x' and the current point, that is, y" = -e a pl >(x')o-'' fl '(x, x') and 
y a = -e a fl >(x , )cr'' M '(x, x'). Then by taking into account eqs. (12.1101) and (12.1121) the 
equation (12.1871 ) becomes 



= ( JW) cot Jm)f b P b - oj'D"^ 
with the initial condition 



n = o = y ■ 

The solution of this equation defines a function y = y(t,p, co,y). 



(2.194) 
(2.195) 



Proposition 12 The Taylor expansion of the solution y = y(t, p, to, y) of the eq. 
\2.194\ in t reads 



f=y a + [( #00 cot 4KTy))\ P" ~ ojD a ib y b \ t + 0(t 2 ) . 
The Taylor expansion of the function y = y(t, p, co,y) in p andy reads 

1 - exp[-tD(to)] 



f = (exp[-fD(w)])V + 
There holds 



D{co) 



hP b + 0(y 2 ,p 2 ,py) 



det 




= det 



TM 



p=y=0,t=l 



sinh[D(o>)/2]\ 

Warn ) " 



(2.196) 



(2.197) 



(2.198) 



Proof. The eq. (12.1961) trivially follows from the eq. (12.1941) . 

Let us expand the function y{t, p, co, y) in Taylor series in p and y restricting 
ourselves to linear terms, that is, 



f = f 



dy a 

P=y=o ' dp h 



+ 



p=y=0 



dy a 



f + 0(p 2 ,y 2 ,py). 



p=y=0' 



(2.199) 



First of all, for p = the eq. (12.1941) becomes 
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The solution of this equation with the initial condition y = is trivial, therefore, 



p=y=0 



■ y(t, 0, to, 0) = . 



(2.201) 



Next, by differentiating the eq. (12.2001) with respect to y b and setting y = we 
obtain the equation 



d df 
Jtdf 



df 



p=y=0 



p=y=0 



with the initial condition 

The solution of this equation is 

df 
df 



dy l 



p=y=t=0 



= o h - 



= (exp[-tD(a))]) a b , 



p=y=0 



where 
Let 



D(to) = co'Di . 



Z\ = 



df 
dp 1 



p=y 



=o 



(2.202) 
(2.203) 

(2.204) 

(2.205) 
(2.206) 



Then by differentiating the eq. (12.1941 ) with respect to p b and setting p = 0, we 
obtain 

(2.207) 



d_ 

df 



Z" a co , J rva 7c 

b — b~ OJ U ic L i, 



with the initial condition 



Z\\, =0. 



lf=0 



The solution of this equation is 



Z = 



1 - exp[-tD(a))] 



(2.208) 



(2.209) 



By substituting the eqs. (12.2011) . (12.2041) and (12.2091) in (12.1991) we get the desired 
result (121971) . 

Finally, by taking into account that the matrix D(co) is traceless, we find first 
detexp[tD(u))] = 1, and, then by using eq. (12.2091 ) we obtain (I2.198I ). 
The function y = y(t, p, to, y) implicitly defines the function 



p = p(t,a>,y,y). 



(2.210) 
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The function p = pito, y) is now defined by the equation 

y(l,p,oj,y) = 0, 



(2.211) 



or 



p(co,y)=p(\,co,0,y). (2.212) 
Proposition 13 The Taylor expansion of the function p(io,y) in y has the form 



p a = -\D(co) 



1 - exp[-D(w)] 



Therefore, 



det 



dp a 

"ay 



= det 



TM 



y=0 



sinh[D(w)/2] 
D(co)/2 



-l 



(2.213) 



(2.214) 



Proof. We expand p in Taylor series in 3; 



p a = p a 



dp a 
=0 ' ~df 



+ 



y=0 



y b + 0(y 2 ). 



Next, by taking into account (12.2011) we have 



y=0 



= 0. 



(2.215) 



(2.216) 



Further, by differentiating (12.2111 ) with respect to y c and setting y = we get 



df 



+ 



dy a dp c 



dy b p=y=o,t=i dp c p=y=o,t=\ dy b 



v=0 



= 0, 



and, therefore, 



dp a 



exp[-D(fo)] 
^-r^l-expt-DM]' " 



This leads to both (12.2131) and (12.2141) . 
Now, we define 



The pullback of the metric by the diffeomorphism iff t is defined by 

WgX v (x) = K%KKg &fs {x). 



(2.217) 



(2.218) 



(2.219) 



(2.220) 
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Since ij/ t is an isometry, we have 
Therefore, the inverse matrix A" 1 is equal to 



(2.221) 



(2.222) 



Let e a M and ef be a local orthonormal frame that is obtained by parallel trans- 
port along geodesies from a point x' . Then the action of the pullback i//* on the 
orthonormal frame is 

(2.223) 



(if,* t e%(x) = A\e a & (x). 



Since \p t is an isometry, we have 

5 ab {f t e a ) a {xW t e%{x) = 5 ab e\(x)e%(x) . 



(2.224) 



Therefore, the frames of 1 -forms e" and are related by an orthogonal trans- 
formation 

(2.225) 



(tfe a )(x) = O a h e h (x), 



where the matrix O a b is defined by 

0\ = e a & (x)A\e/{x) . 
Proposition 14 For p = y = the matrix O has the form 



O 



p=y=0 



= exp [-tD(co)] 



(2.226) 



(2.227) 



Proof. We use normal coordinates y" and y". Then the matrix O takes the form 



0\ = e\ 



a dx° dy c dy d 



dy c dy d dx^ 



(2.228) 



Now, by using the Jacobian matrix (12.441) and recalling that y = for p = y = 
we obtain 



dy a 
dx» 



p=y=0 



dx a 
' df 



h 



Therefore, 



O a , 



_ df_ 

P=y=o dy b 



p=y=0 



p=y=0 



(2.229) 



(2.230) 
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and, finally (12.2041) gives the desired result (12.2271) . 

Let <p be a section of the twisted spin-tensor bundle <V. Let V x be the fiber 
at the point x and V$ be the fiber at the point x = i// t (x). The pullback of the 
diffeomorphism ifr t defines the map, that we call just the pullback, 

ifr* t : c°°cv) -> crty) (2.23 1) 

on smooth sections of the twisted spin-tensor bundle <V. The pullback of tensor 
fields of type (p, q) is defined by 

(^CJ(x) = A\--- A^CA- 1 )" 1 * • • • (A-V'^^'Cic) . (2.232) 

We define the twisted pullback (a combination of a proper pullback and a gauge 
transformation) of a tensor of type (p, q) by 



(^»;;;;J(jc) = o f \ • • • o c %<v • • • o^vZZw . (2.233) 

Since the matrix O is orthogonal, it can be parametrized by 

= exp6, (2.234) 

where 6 ah is an antisymmetric matrix. The orthogonal transformation of the frame 
pulled back causes the transformation of spinors 

(tfvXx) = exp ("ft*/*] <P(® ■ ( 2 - 2 35) 
More generally, we have 

Proposition 15 Let <p be a section of a twisted spin-tensor bundle V. Then 

(tftpKx) = exp (~9abG ab \ <f(x) . (2.236) 

In particular, for p = y = (or x = x') 

n = exp mm if(x') , (2.237) 

p=y=0 

where 

Rico) = co% . (2.238) 
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Proof. First, from the eq. (12.2271) we see that 



ff 1 , 



p=y=0 



-toj'D 1 



ib ■ 



(2.239) 



Then, from the definition (12.1561) of the matrices % we get (|2.237l) . 

It is not very difficult to check that the Lie derivatives are nothing but the 
generators of the pullback, that is, 



(2.240) 



We will use this fundamental fact to compute the heat kernel diagonal below. 



3 Heat Semigroup 

3.1 Geometry of the Curvature Group 

Let Gg aU ge be the gauged curvature group and H be its holonomy subgroup. Both 
these groups have compact algebras. However, while the holonomy group is al- 
ways compact, the curvature group is, in general, a product of a nilpotent group, 
Go, and a semi-simple group, G s , 

G gauge = G xG s . (3.1) 

The semi-simple group G s is a product G s = G + x G_ of a compact G + and a 
non-compact G_ subgroups. 

Let £4 be the basis Killing vectors, k A be the canonical coordinates on the 
curvature group G and £(k) = k A g A . The canonical coordinates are exactly the 
normal coordinates on the group defined above. Let C A be the generators of the 
curvature group in adjoint representation and C(k) = k A C A . In the following d M 
means the partial derivative d/dk M with respect to the canonical coordinates. We 
define the matrix Y A M by the equation 

exp[-£(fc)]<9 M exp[£(fc)] = Y A M £ A , (3.2) 

which is well defined since the right hand side lies in the Lie algebra of the curva- 
ture group. This can be written in the form 



exp[-£(£)]d M exp[£(£)] = exp[-Ad m ]d M 



(3.3) 
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where the operator A d x is defined by Ad x Z = [X,Z]. This enables us to compute 
the matrix Y = (Y A M ) explicitly, namely, 

1 - exp[-C(fc)] 

Y = - — . (3.4) 

C(k) 

Let X = (X A M ) = Y' x be the inverse matrix of Y. Then we define the 1 -forms Y A 
and the vector fields X A on the group G by 

Y A = Y\dk M , X A = X A M d M . (3.5) 

Proposition 16 There holds 

X A exp[f(fc)] = exp[f (£)]&. (3.6) 

Proof. This follows immediately from the eq. (13.21) . 

Next, by differentiating the eq. (|3.2I) with respect to k L and alternating the 
indices L and M we obtain 

3lY A m - 3mY A l = ~C A bcY B lY C m , (3.7) 
which, of course, can also be written as 

dY A = ~C A BC Y B AY c . (3.8) 

Proposition 17 The vector fields X A satisfy the commutation relations 

[X A ,X B ] = C C AB X C . (3.9) 

Proof. This follows from the eq. (|3.7I) . 

The vector fields X A are nothing but the right-invariant vector fields. They 
form a representation of the curvature algebra. 

We will also need the following fundamental property of Lie groups. 

Proposition 18 Let G be a Lie group with the structure constants C A bc, C a = 
(C B A c) and C(k) = C A k A . Let y = (j A b) be a symmetric non-degenerate matrix 
satisfying the equation 

(C A ) T = -yC A y- 1 . (3.10) 
Let X = (X A M ) be a matrix defined by 
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Then 

mX)- m y AB X A M d M X B N d N mX) U2 = abC * ■ (3.12) 

Proof. It is easy to check that this equation holds at k = 0. Now, it can be proved 
by showing that it is a group invariant. For a detailed proof for semisimple groups 
see 1211 USED. 

It is worth stressing that this equation holds not only on semisimple Lie groups 
but on any group with a compact Lie algebra, that is, when the structure constants 
C a bc an d the matrix y AB , used to define the metric G M n an d the operator X 2 , 
satisfy the eq. (I2.88I ). Such algebras can have an Abelian center as in eq. (12. 901 ). 

Now, by using the right-invariant vector fields we define a metric on the cur- 
vature group G 

Gmn = 7abY a m Y b n , G MN = y AB X A M X B N . (3.13) 

This metric is bi-invariant and satisfies, in particular, the equation 

-Cx a Gbc = X A OmGbc + G BM d c X A M + G MC d B X A M = . (3.14) 

This equation is proved by using eqs. (12.881) and (13.9b . This means that the vector 
fields X A are the Killing vector fields of the metric Gmn- One can easily show that 
this metric defines the following natural affine connection V G on the group 

V G X X A = ~C A BC X B , V G Xc Y A = l -C B AC Y B , (3.15) 
with the scalar curvature 

R G = -lr AB c c AD c D BC . (3.16) 

Since the matrix C(k) is traceless we have detexp[C(&)/2] = 1, and, therefore, 
the volume element on the group is 

|Gr = (detG^ = W'^det,(^|21), (3.17) 

where \y\ = dety AB . Notice that this function is precisely the inverse Van Vleck- 
Morette determinant (12.451) on the group in normal coordinates. 
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It is not difficult to see that 

k M Y A M = k M X M A = k* . (3.18) 

By differentiating this equation with respect to k B and contracting the indices A 
and B we obtain 

k M d A X M A = N-X A A . (3.19) 

Now, by contracting the eq. (13.151) with G BC we obtain the zero-divergence 
condition for the right-invariant vector fields 

\G\- 1/2 d M (\G\ 1/2 X A M ) = 0. (3.20) 

Next, we define the Casimir operator 

X 2 = C 2 (G,X) = y AB X A X B . (3.21) 

By using the eq. (13.201 ) one can easily show that X 2 is an invariant differential 
operator that is nothing but the scalar Laplacian on the group 

X 2 = \G\- i/2 d M \G\ i/2 G MN d N = G MN V G M V G N . (3.22) 

Then, by using the eqs. (12.881 ) and (12.831 ) one can show that the operator X 2 
commutes with the operators X A , 

[X A ,X 2 ]=0. (3.23) 

Since we will actually be working with the gauged curvature group, we intro- 
duce now the operators (covariant right-invariant vector fields) J A by 

J A =X A - l -B AB k B , (3.24) 

and the operator 

J 2 = y AB J A J B . (3.25) 
Proposition 19 The operators J A and J 2 satisfy the commutation relations 

[J A ,J B ]=C C AB J C + S AB , (3.26) 

and 

[J A ,J 2 ]=2S AB J B . (3.27) 
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Proof. By using the eqs. (I2.169M2.172I) we obtain 

Xb A &am = 7bn7 X C N S AM = S B m , (3.28) 

and, hence, 

y AB X B M S AM = 0, (3.29) 

and, further, by using (13.91 ) we obtain (13.261) . By using the eqs. (|3.28l) we get 
(I3T27T) . 

Thus, the operators J a form a representation of the gauged curvature alge- 
bra. Now, let £ A be the operators of Lie derivatives satisfying the commutation 
relations (121741 and £(k) = k A £ A . 

Proposition 20 There holds 

J A exp[£(k)] = exp[£(k)]£ A . (3.30) 

and, therefore, 

J 2 exp[£(k)] = exp[£(k)]£ 2 . (3.31) 
Proof. Similarly to (13.31) we have 

exp[-£(k)]d M exp[£(fc)] = exp[-Ad £(k) ]d M ■ (3.32) 
By using the commutation relations (12.1741) and eq. (|2.172l) we obtain 

exp[-£(k)]d M exp[£(k)] = Y A M £ A + X -®mn^ • (3.33) 

The statement of the proposition follows from the definition of the operators J A , 
J 2 and £ 2 . 

3.2 Heat Kernel on the Curvature Group 

Let & be the matrix with the components S = (j ab !Bbc)- Let k A be the canonical 
coordinates on the curvature group G and A(t; k) be a function defined by 

sinh[C(fc)/2 + ?S] x-1 ° 
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By using the eqs. (13.281 ) one can rewrite this in the form 

Aft;*) = det^ — J det^-^-j . (3.35) 

Notice also that due to (12.1711) 

/smh[^]r 1/2 /smh[^]r 1/2 
det ^(^-) =det ™(^-) ' (336) 

where S is now regarded as just the matrix S = (B a b ). 

Let &(t; k) be another function on the group G defined by 

&(t;k) = ^(k, 7 ®k) , (3.37) 

where is the matrix 

Q = tScoth(tS) (3.38) 
and (u, yv) = JabU a v b is the inner product on the algebra Q. 

Theorem 6 Let <D(?; k) be a function on the group G defined by 

Q>{t;k) = (47rtT N/2 A(t;k) e xpl-^^ + ^R G tj, (3.39) 
Then Q>(t; k) satisfies the equation 

d t Q> = J 2 Q>, (3.40) 

and the initial condition 

<D(0;£) = | r r 1/2 £(£). (3.41) 

Proof. We compute first 

d t & = y© - j (k, yQ 2 k) + *- (k, yS 2 k) (3.42) 

and 

d t A = -(N-K ®)a. (3.43) 
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Therefore, 

d t <& = 
Next, we have 



1 



J2 =X 2_ yAB^C^ + .yAB^^^C^ 



(3.44) 



(3.45) 



By using the eqs. (13.281) and (12.1721) and the anti-symmetry of the matrix S AB we 
show that 

y AB S Ac k c X B ® = 0, 



and 

and, therefore, 
Thus, 



7 2 <D 



y AB !B AC k c X B A = 0, 
S AC k c X B Q> = . 



A~\X 2 A) - i(X 2 0) + ±- 2l A\x A ®){X B ®) 



-Ia-V b (Z b A)(Z a 0) - l - (k,y!B 2 k) 

Further, by using l3.28l we get 

y AB (X A e)(X B Q) = (k, 7 Q 2 k) 

X 2 G = KgX + trgQ-N . 
Now, by using the eq. (13.201) in the form 

A 2 d M {A' 2 X B M ) = 
and eqs. (I2.172D and (133^1 ) we show that 

A-Y B (X A G)X B A = \(N- trgX) . 



Finally, by using eq. (|3.12l) we obtain 



1 



A~ l X 2 A = -R G 
6 



(3.46) 
(3.47) 
(3.48) 



(3.49) 

(3.50) 
(3.51) 

(3.52) 
(3.53) 

(3.54) 



Finally, substituting the eqs. (I3.50I) - (I3.54I) into eq. (13.491 ) and comparing it 
with eq. (|3.44l) we prove the eq. (|3.40l) . The initial condition (13.411) follows easily 
from the well known property of the Gaussian. This completes the proof of the 
theorem. 



Ivan G. Avramidi: Heat Kernel on Homogeneous Bundles 



37 



3.3 Regularization and Analytical Continuation 

In the following we will complexify the gauged curvature group in the following 
sense. We extend the canonical coordinates (k A ) = (p a ,to l ) to the whole com- 
plex Euclidean space C N . Then all group-theoretic functions introduced above 
become analytic functions of k A possibly with some poles on the real section R N 
for compact groups. In fact, we replace the actual real slice R^ of with an 
Af-dimensional subspace R^ g in obtained by rotating the real section R^ coun- 
terclockwise in C N by n/4. That is, we replace each coordinate k A by e m/4 k A . In 
the complex domain the group becomes non-compact. We call this procedure the 
decompactification. If the group is compact, or has a compact subgroup, then this 
plane will cover the original group infinitely many times. 

Since the metric {jab) = diag (6 a b,Bij) is not necessarily positive definite, (ac- 
tually, only the metric of the holonomy group B t j is non-definite) we analytically 
continue the function k) in the complex plane of t with a cut along the negative 
imaginary axis so that -n/2 < arg t < 3n/2. Thus, the function k) defines an 
analytic function of t and k A . For the purpose of the following exposition we shall 
consider t to be real negative, t < 0. This is needed in order to make all integrals 
convergent and well defined and to be able to do the analytical continuation. 

As we will show below, the singularities occur only in the holonomy group. 
This means that there is no need to complexify the coordinates p a . Thus, in the 
following we assume the coordinates p a to be real and the coordinates w' to be 
complex, more precisely, to take values in the p-dimensional subspace Rf eg of C p 
obtained by rotating W counterclockwise by n/4 in C p That is, we have R^ g = 

W X Rf eg . 

This procedure (that we call a regularization) with the nonstandard contour of 
integration is necessary for the convergence of the integrals below since we are 
treating both the compact and the non-compact symmetric spaces simultaneously. 
Remember, that, in general, the nondegenerate diagonal matrix B t j is not positive 
definite. The space Rf eg is chosen in such a way to make the Gaussian exponent 
purely imaginary. Then the indefiniteness of the matrix B does not cause any prob- 
lems. Moreover, the integrand does not have any singularities on these contours. 
The convergence of the integral is guaranteed by the exponential growth of the 
sine for imaginary argument. These integrals can be computed then in the follow- 
ing way. The coordinates co j corresponding to the compact directions are rotated 
further by another n/4 to imaginary axis and the coordinates to-* corresponding to 
the non-compact directions are rotated back to the real axis. Then, for t < all the 
integrals below are well defined and convergent and define an analytic function of 
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t'm a complex plane with a cut along the negative imaginary axis. 

3.4 Heat Semigroup 

Theorem 7 The heat semigroup exp(L£ 2 ) can be represented inform of the inte- 
gral 

exp(t£ 2 ) = j dk\G\ l/2 (k)<S>(t,k)exp[£(k)]. (3.55) 

R~ eg 

Proof. Let 

¥(0 = J dk\G\ l/2 d>(t,k)exp[£(k)]. (3.56) 

By using the previous theorem we obtain 

d?¥(t) = Jdk \G\ l/2 exp[£(k)]J 2 d>(f,k). (3.57) 

R reg 

Now, by integrating by parts we get 

d t x V(t) = J dk\G\ l/2 (b(t;k)J 2 exp[£(k)], (3.58) 

R reg 

and, by using eq. (13.311) we obtain 

d?9(t) = ^>{t)£ 2 . (3.59) 
Finally from the initial condition (13.411) for the function 0(?; k) we get 

¥(0) = 1 , (3.60) 

and, therefore, *F(f) = exp(L£ 2 ). 

Theorem 8 Let A be the Laplacian acting on sections of a homogeneous twisted 
spin-tensor vector bundle over a symmetric space. Then the heat semigroup 
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exp(fA) can be represented inform of an integral 

exp(*A) = (4;rO" /v/2 det rM | Sm ^ ) j exp|-^ 2 + l -R G t 

1/2 



C „ , ,1/2 , t /sinh[CW/2]\ 



x exp l~ <*, yrS coth(?w| exp[£(Jfc)] . (3.61) 

Proof. By using the eq. (12.1831) we obtain 

exp(/A) = exp (-tK 2 ) exp (t£ 2 ) . (3.62) 

The statement of the theorem follows now from the eqs. (13.551) . (13.391) . (13.351) - 
(T3381) and (I3TT71) . 



4 Heat Kernel 

4.1 Heat Kernel Diagonal and Heat Trace 

The heat kernel diagonal on a homogeneous bundle over a symmetric space is 
parallel. In a local parallel local frame it is just a constant matrix. The fiber trace 
of the heat kernel diagonal is just a constant. That is why, it can be computed 
at any point in M. We fix a point x' in M such that the Killing vectors satisfy 
the initial conditions (|2.111l) - (12.113l) and are given by the explicit formulas above 
(12.1 10l) - (12.1 121) . We compute the heat kernel diagonal at the point x' . 

The heat kernel diagonal can be obtained by acting by the heat semigroup 
exp(f A) on the delta-function, (81 OH 



\x=x' 



U diag (t) = exp(tA)5(x, x')\ 

= exp(-fR 2 ) \ dk\G\ U2 ®(t;k)exp[£(k)]6(x,x) . (4.1) 

' 'J x=x' 



•Heg 



To be able to use this integral representation we need to compute the action of the 
isometries exp[X(&)] on the delta-function. 
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Proposition 21 Let <p be a section of the twisted spin-tensor bundle *V, JL A be the 

twisted Lie derivatives, k A = (p a ,to l ) be the canonical coordinates on the group 
and JL(k) = k A £,A- Let ^ = k A %A be the Killing vector and if/ t be the corresponding 
one-parameter diffeomorphism. Then 



1 



exp [£(£)] = cxp\--6 ab G ah \ ( p(x) 



(4.2) 



r=l 



where x = iff t (x) and the matrix 9 is defined by A2.2341) . In particular, for p = 
and x = x' 



exp[£(k)]ip(x) 



p=0,.x=x' 



exp [<R(a>)] cp(x) 



(4.3) 



Proof. This statement follows from eqs. (12.2361) and (12.2371) and the fact that the 
Lie derivative is nothing but the generator of the pullback. 

Proposition 22 Let co l be the canonical coordinates on the holonomy group H 
and (k A ) = (p a , to') be the natural splitting of the canonical coordinates on the 
curvature group G. Then 



exp[£(k)]6(x, x) 



= det 



TM 



sinh[DM/2] 
D((o)/2 



cx P moj)]6(p). (4.4) 



Proof. Let x(t,p, to, x, x') = i/f,(x). By making use of the eq. (14.21) we obtain 

1 



exp[£(k)]6(x, x') 



= exp | -^6 ab G ah ) 5(x{\ , p, to, x, x'), x') 



x=x',t=\ 



.(4.5) 



Now we change the variables from x M to the normal coordinates y a to get 



6(x(\,p,co, x, x'),x') 



l#r 1/2 det 



x=x' 



tdf_\ 



d(y(l,p,io,y)) 



y=0 



(4.6) 



This delta-function picks the values of p that make y = 0, which is exactly the 
functions p = p(co,y) defined by the eq. (|2.21 II) . By switching further to the 
variables p we obtain 



6(x(l,p,a>,x,x'),x')\ xx/ = \g\-^dJ^yj^\ 8(p-p(GJ,y)) 



y=Q,t=\ 

(4.7) 
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Now, by recalling from (12.2161 ) that p\ y=0 = and by using (12.441) and (12.1981) we 
evaluate the Jacobians for p = y = and t = 1 to get the eq. (14.41) . 

Remarks. Some remarks are in order here. We implicitly assumed that there 
are no closed geodesies and that the equation of closed orbits of isometries 

T(\,p,o),0) = (4.8) 

has a unique solution p = p(co, 0) = 0. On compact symmetric spaces this is not 
true: there are infinitely many closed geodesies and infinitely many closed orbits 
of isometries. However, these global solutions, which reflect the global topologi- 
cal structure of the manifold, will not affect our local analysis. In particular, they 
do not affect the asymptotics of the heat kernel. That is why, we have neglected 



them here. This is reflected in the fact that the Jacobian in (14.41) can become sin- 
gular when the coordinates of the holonomy group to' vary from -<x> to go. Note 
that the exact results for compact symmetric spaces can be obtained by an analytic 
continuation from the dual noncompact case when such closed geodesies are ab- 
sent lfT8l . That is why we proposed above to complexify our holonomy group. If 
the coordinates a> 1 are complex taking values in the subspace Rf eg defined above, 
then the equation (14.81) should have a unique solution and the Jacobian is an an- 
alytic function. It is worth stressing once again that the canonical coordinates 
cover the whole group except for a set of measure zero. Also a compact subgroup 
is covered infinitely many times. We will show below how this works in the case 
of the two- sphere, S 2 . 

Now by using the above lemmas and the theorem we can compute the heat 
kernel diagonal. We define the matrix F(co) by 

F(a>) = JFi . (4.9) 

Theorem 9 The heat kernel diagonal of the Laplacian on twisted spin-vector bun- 
dles over a symmetric space has the form 

U«*m = (4»)^de 1 ™(^p 2 e x p{(^ + ^-^),} 
x / W" 2 ex P {-J, <<"■#">} cosh 1 

R? eg 

/ sinh[F(o;)/2] \ 1/ \ / sinh[D(o;)/2] \' 1/2 
Xd M F«o)/2 ) det ™[ DM/2 ) ' (4 - 10) 



where \B\ = det /?,•,• and (10,810) = Bjjto'co 
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Proof. First, we have dk = dp dco and |y| = \6\ . By using the equations (14.11) and 
(14.41 ) and integrating over p we obtain the heat kernel diagonal 



U diag (t) = J 



-:■/' 



dco |G| 1/2 (0, comt, 0, w) det m ( ^ D( ^ /2] ) exp[7?M - tf? 2 ] . 



(4.11) 

Further, by using the eq. (|2.81l) we compute the determinants 

, t /sinh[CM/2]\ /sinh[DM/2]\ / sinh[F(o>)/2] \ 

CM/2 ) = d£t -( DM/2 )**«( FM/2 )• (4J2) 

Now, we by using (12.1711 ) we compute (13.371 ) 

&(t;0,co)= -(co,J3co) , (4.13) 

and, finally, by using eq. (13391) . (13351) . (ETT61) and (l2~95l) we get the result (HTTOl) . 

By using this theorem we can also compute the heat trace for compact mani- 
folds 

Tr L 2exp(?A) = J dvol (Anty nll K v det TM | sinh ^ g) j (4.14) 
Xexpj|^? + ^-ft 2 j? 

x f— ^— ^| 1/2 exp|-^-M^a;)}>cosh[!RM] 



-I'L'g 



'sinli[FM/2]\ 1/2 , f /sinh[DM/2]^ L: 
xdet^ — - — det rM 



F(co)/2 ) \ D(w)/2 



where tr v is the fiber trace. 



4.2 Heat Kernel Asymptotics 

It is well known that there is the following asymptotic expansion as t — > of the 
heat kernel diagonal If24ll 

00 

U dia Z(t) ~ (4nt)-" /2 J] ■ ( 4 - 15 ) 

k=0 
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The coefficients a k are called the local heat kernel coefficients. On compact mani- 
folds, there is a similar asymptotic expansion of the heat trace with the global heat 
invariants A k defined by 

A k = J dvol tr v a k . (4.16) 
Jm 

In symmetric spaces the heat invariants do not contain any additional information 
since the local heat kernel coefficients define the heat invariants A k up to a constant 
equal to the volume of the manifold, 



A k = vol (Af)tr v a k . 
We introduce a Gaussian average over the holonomy algebra by 



(4.17) 



(4.18) 



Then we can write 



U**(t) = (47r0"" /2 det 



I'M 



sinh(f£)Y 



■1/2 



1 1 



(4.19) 



x^cosh[ yffR(a>)] det 



■H 



'sinh [ yTtF(co)/2]\ U2 ( sinh [ yTtD(co)/2] 



V?%)/2 



det 



TM 



V?D(w)/2 



-1/2 



This equation can be used now to generate all heat kernel coefficients a k for any 
locally symmetric space simply by expanding it in a power series in t. By using 
the standard Gaussian averages @ 



■CO 



+1 ) = 0, 



(4.20) 
(4.21) 



one can obtain now all heat kernel coefficients in terms of traces of various con- 
tractions of the matrices D a ih and F-> ik with the matrix B lk . All these quantities are 
curvature invariants and can be expressed directly in terms of the Riemann tensor. 



4 We have corrected here a misprint in the eq. (4.68) of IflOll . 
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There is an alternative representation of the Gaussian average in purely alge- 
braic terms. Let b j and b* k be operators, called creation and annihilation operators, 
acting on a Hilbert space, that satisfy the following commutation relations 



Jn 



(4.22) 

[b\b K ] = [b*j,b* k ]=0. (4.23) 

Let |0) be a unit vector in the Hilbert space, called the vacuum vector, that satisfies 
the equations 

<0|0> = 1 , (4.24) 
b j \0) = (0\b* k = . (4.25) 
Then the Gaussian average is nothing but the vacuum expectation value 



(f(aj)) = (0\f(b)exp(b*,Bb*)\0), 



(4.26) 



where (b*,6b*) = B jk b*b* k . This should be computed by the so-called normal or- 
dering, that is, by simply commuting the operators bj through the operators b* k 
until they hit the vacuum vector giving zero. The remaining non-zero commuta- 
tion terms precisely reproduce the eqs. (|4.20l) . (14.211) . 

4.2.1 Calculation of the Coefficient a { 

As an example let us calculate the lowest heat kernel coefficients: a and a\. Let 
X be a matrix. Then by using 



det 



and II2T1I 



sinh(V?x)" 
sinh( yftx) 



exp 



m tr log 



sinh(V^)' 



log 



lx § 



i lk ~ l B 



^ftx k(2k)\ 
where B k are Bernoulli numbers, in particular, 

1 



fX lk , 



B = 1, 



B 2 = -, 
6 



we obtain 



det 



sinh(V^)) + 
yftX 



1/2 



1 ± ^-tixX 2 + 0(t 2 ). 
12 



(4.27) 



(4.28) 



(4.29) 



(4.30) 
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Now, by using eq. (14.191 ) we obtain 

U diag (t) = (4nty n/2 [fl + ta x + 0(t 2 )] , 

where 



oq = I, a x = (bi) , 



and 



l l 



1 



-R + -R H + — ixF{a>Y - —ivD^Y 



8 6 48 v ' 48 
Next, bu using (|4.21l) . in particular, 

(Jco j ) = 20 j , 



2 



we obtain 



(ixF{ojf) = 2ixF i F i = 2F i il F u j = -SR H , 
(tr D(co) 2 ) = 2teD0 = 2D a ib D bi a = -2R, 



and, therefore, 
a i 



111 1 
-R + -R„--R H + -R 



1 



l-H +K = -Rl . 



This confirms the well know result for the coefficient a\ 



(4.31) 
(4.32) 

(4.33) 

(4.34) 

(4.35) 
(4.36) 
(4.37) 

(4.38) 



4.3 Heat Kernel on S 2 and H 2 

Let us apply our result to a special case of a two-sphere S 2 of radius r, which is a 
compact symmetric space equal to the quotient of the isometry group, 50(3), by 
the isotropy group, S 0(2), 



S 2 = S 0(3) /S 0(2). 



(4.39) 



The two-sphere is too small to incorporate an additional Abelian field S; therefore, 
we set S = 0. 

Let y a be the normal coordinates defined above. On the 2-sphere of radius r 
they range over -rn <y a < rn. We define the polar coordinates p and (p by 



y=pcos^>, y 2 =ps'm(p. 



(4.40) 



Ivan G. Avramidi: Heat Kernel on Homogeneous Bundles 



46 



so that < p < rn and < <p < 2n. 

The orthonormal frame of 1 -forms is 

e l =dp, e 2 = rsin^-jj^, (4.41) 
which gives the spin connection 1-form 

COab = Sab cos ^ j dip (4.42) 

with Sab being the antisymmetric Levi-Civita tensor, and the curvature 

Rabcd = -^Sab^cd = -^(8acSbd ~ ^ad^bc) , (4.43) 
Rab = J 2 5ab , R= j2- ( 444 ) 

Since the holonomy group S 0(2) is one-dimensional, it is obviously Abelian, 
so all structure constants F'jt are equal to zero, and therefore, the curvature of the 
holonomy group vanishes, R H = 0. The metric of the holonomy group By is now 
just a constant, 8 = \/r 2 . The only generator of the holonomy group in the vector 
representation is 

D ah = —Eab = —Eab . (4.45) 

The irreducible representations of S 0(2) are parametrized by a, which is ei- 
ther an integer, a = m, or a half-integer, a = m + \. Therefore, the generator R of 
the holonomy group and the Casimir operator R 2 are 

R = A, (4.46) 

a 2 

R 2 = B ij RiRj = -— . (4.47) 

The extra factor r 2 here is due to the inverse metric /T 1 = r 2 of the holonomy 
group. 

The Lie derivatives £ A are given by 

sin ip / p \ sin<£ 

£i=cos<M, cot - \d v + i — . , , a, (4.48) 

r \rl rsm(p/r) 

COS(/J I p\ COS<£ 

X 2 = sin^ p + -cot £ \d v -i . - , - a, (4.49) 

r \rl rsm(p/r) 
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^3 - > 

and form a representation of the S 0(3) algebra 

1 



1 



[Xi,X2] - --£3 , [X3,-£i] - ——zJLi \_JL?,,JLi\ - 



The Laplacian is given by 

1 



r (r ) 



d n + 



1 



r 2 sin (p/r) 
Now, we need to compute the determinant 



d v - ia cos I — 



det 



TM 



sinh[o»D] 
7o~D 



-1/2 



co/(2r 2 )] 
sin[o>/(2r 2 )] 



(4.50) 



(4.51) 



(4.52) 



(4.53) 



The contour of integration over to in (|4.10l) should be the real axis rotated coun- 
terclockwise by 7r/4. Since S 2 is compact, we rotate it further to the imaginary 
axis and rescale to for t < by to — » r V~? co to obtain an analytic function of t 



U diag (t) = — exp 
Ant 



- + a* — 



(4.54) 



x 



CO 

V4^ exp r~ 



w V-^/(2r) 
sinh [co V = ?/(2r)] 



cosh(aa) V-f/n . 



If we would have rotated the contour to the real axis instead then we would have 
obtained after rescaling a» — > r V? oj for ? > 0, 



U diag (t) = —exp 

47Tf 



- + aT I — 



(4.55) 



x 



00 

/do* / <x> 2 \ a>yfi/(2r) / r \ 

— — exp — - p T cos <m> V? /r 
V4^r \ 4 ^ s in[^V^/(2r)] V ' 



where j denotes the Cauchy principal value of the integral. This can also be 
written as 



t/ diag (0 = — exp 
Ant 

2m- 1 V? 

,f"i J V47T 

X COS ^QT6t» V?/ rj . 



1 



(4.56) 



T W + 



27ir 



2r sin [w V*/(2r)] 
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This is nothing but the sum over the closed geodesies of S 2 . Note that the factor 
cos (ato y/t/rj is either periodic (for integer a) or anti-periodic (for half-integer 
a). 

The non-compact symmetric space dual to the 2- sphere is the hyperbolic plane 
H 2 of pseudo-radius a. It is equal to the quotient of the isometry group, S 0(1, 2), 
by the isotropy group, S 0(2), 

H 2 = 50(1, 2)/S 0(2). (4.57) 

Let y a be the normal coordinates defined above. On H 2 they range over -oo < 
y a < oo. We define the polar coordinates u and <p by 

y 1 =ucoscp, y 2 = usinip, (4.58) 

so that < u < oo and < <p < 2n. 

The orthonormal frame of 1 -forms is 

e l =du, e 2 = asinh^jd<p, (4.59) 
which gives the spin connection 1-form 

oJab = Sab cosh ^ Jd(p , (4.60) 



and the curvature 



Rabcd T:S a bS c d T;(5 ac 8bd ~ ^ad^bc) , (4.61) 



a z a z 



R ab = -\s ah , R = ~. (4.62) 



a z a L 



The metric of the isotropy group is just a constant, B = -I /a 2 , and the only 
generator of the isotropy group in the vector representation is given by 

1 1 

D ab = —E ah = —e ab . (4.63) 

a z a z 

The Lie derivatives La are now 

sin w I u\ sin <z> 

Xi = cos (pd u coth \-\d ip + i . u r , a , (4.64) 

a \a) asinh(w/a) 
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cos ip 

£2 = sin tpo u + coth 



G) 



. cos <p 
a sinn (w/a) 



X3 , 

a 2 

and form a representation of the S 0(1, 2) algebra 
{■L\,JLi] = --£} , [X3,Xi] = —zJli 



The Laplacian is given by 



■> 1 
A = di + - coth 



>(% + — 

\al a 2 si 



a- 



1 



[-£3, -£2] - — 7X1 

a 2 



sinh (u/a) 



d v - ia cosh 



u\ 
a) 



(4.65) 
(4.66) 

(4.67) 
(4.68) 



The contour of integration over co in (14.101) for the heat kernel should be the 
real axis rotated counterclockwise by n/4. Since H 2 is non-compact, we rotate it 
back to the real axis and rescale co for t > by a; — » a^ftco to obtain the heat 
kernel diagonal for the Laplacian on H 2 



Ant 



- + a — 



(4.69) 



x 



CO 

/dco I co 1 



6l) 



V*/(2a) 



• cosh (aw V?/aj . 



sinh V?/(2a)l 

We see that the heat kernel in the compact case of the two-sphere, S 2 , is re- 
lated with the heat kernel in the non-compact case of the hyperboloid, H 2 , by 
the analytical continuation, a 2 — » -r 2 , or a — » z>, or, alternatively, by replacing 
t —> -t (and a = r). One can go even further and compute the Plancherel (or 
Harish-Chandra) measure in the case of H 2 and the spectrum in the case of S 2 . 

For H 2 we rescale the integration variable in (14.691) by co — » coaf yfi, substitute 



V47Zt 

integrate by parts over v, and use 



00 

/ a 2 7 \ f <iv / f 
eXP (-47") = J 2^ eXP (-^ 



y + z<w 



(4.70) 



/dco 
2n~i 



C °w = \ (tanhKv + ia)] + tanh[^(v - ia)]} 
smh(co/2) 2 



(4.71) 



Ivan G. Avramidi: Heat Kernel on Homogeneous Bundles 



50 



(and the fact that a is a half-integer) to represent the heat kernel for H in the form 



OO 



+ a + v — 



where 

for integer a = m, and 
for half-integer a = m ' 



fi(v) = v tanh v 
fi(v) = v coth v 



(4.72) 

(4.73) 
(4.74) 



2" 



For S 2 we proceed as follows. We cannot just substitute a 2 — » -r 2 in (14.721) . 
Instead, first, we deform the contour of integration in (14.721) to the V-shaped con- 
tour that consists of two segments of straight lines, one going from e' 3n/4 oo to 0, 



-r , we can 



and another going from to e m ' oo. Then, after we replace a - 
deform the contour further to go counterclockwise around the positive imaginary 
axis. Then we notice that the function //(v) is a meromorphic function with simple 
poles on the imaginary axis at v k = idt, where 



dt = \k + — 



k = 0, + 1 + 2, . . . , for integer a = m, 
and at 

dt = k, k = +1, ±2, . . . , 
Therefore, we can compute the integral by residue theory to get 



for half-integer a = m + - . 

b 2 



U dias (t) = — Yd k exp(-A k t) 



where 



and 



A k = - 



k 2 - - 
k 4 



m -\ — 

2 



Anr 2 ^ 



m 

4 



for integer a = m, 



2l 



for half-integer a = m-\ — 
& 2 



(4.75) 



(4.76) 



(4.77) 



(4.78) 



(4.79) 



Our results for the heat kernel on the 2-sphere S 2 and the hyperbolic plane H 2 
coincide with the exact heat kernel of scalar Laplacian (when K = a = 0) reported 
in [fT8l and obtained by completely different methods. 
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4.4 Index Theorem 

We can now apply this result for the calculation of the index of the Dirac operator 
on spinors on compact manifolds 

D = y% . (4.80) 
Let the dimension n of the manifold be even and 

Y = Lpin-im^.., (481) 

n\ 

be the chirality operator of the spinor representation so that 

T 2 = I s (4.82) 

and 

Ty a = -y a Y. (4.83) 
Then the index of the Dirac operator is equal to 

Ind (D) = Tr exp(tD 2 ) . (4.84) 

We compute the square of the Dirac operator by using the eqs. (12.131) . (12.191 ). 
(12151) and (121531) 

D 2 = A- l -Rl s+ l -T ab y ab 

= A - l -R h - l -E i ab T i y lh + \y ab ® ab ■ (4.85) 
In this case the generators % have the form 

% = ~D a ib y h a ®I T +Is® Tt (4.86) 

and the Casimir operator of the holonomy group in the spinor representation is 
obtained by using (12.151 ) 

n 2 = I s + l s ® T 2 - X -V ab y ah ® Tj . (4.87) 
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Thus, we obtain the index 

Ind (D) = j dvol (Anty nl hx V Y det TM | sin |^ g) j 



M 

x exp + - r 2 + 1^/* | r 

X / ^7T^ 1/2 exp{-^;<a>,^) 

IB? 



rt )p/2 »~ ^ { At 



x cosh f-ifc/D^/a + wTjj 

/ sinh[F(o;)/2] V /2 ^ / sinh [D(o>)/2] \' 1/2 
Xd£t ^( FM/2 ) d£t ™( DM/2 ) - (4 - 88) 



Since the index does not depend on t, the right-hand side of this equation does 
not depend on t. By expanding it in an asymptrotic power series in t, we see that 
the index is equal to 

Ind (£>) = (AnT nl2 \ Jvol tr v Ta n/2 . (4.89) 
Jm 



5 Conclusion 

We have continued the study of the heat kernel on homogeneous spaces initiated 
in EH SHU CGI. In those papers we have developed a systematic technique for 
calculation of the heat kernel in two cases: a) a Laplacian on a vector bundle 
with a parallel curvature over a flat space |6l |9), and b) a scalar Laplacian on 
manifolds with parallel curvature JS1 |T0]|. What was missing in that study was 
the case of a non- scalar Laplacian on vector bundles with parallel curvature over 
curved manifolds with parallel curvature. 

In the present paper we considered the Laplacian on a homogeneous bundle 
and generalized the technique developed in IfTDll to compute the corresponding 
heat semigroup and the heat kernel. It is worth pointing out that our formal result 
applies to general symmetric spaces by making use of the regularization and the 
analytical continuation procedure described above. Of course, the heat kernel 
coefficients are just polynomials in the curvature and do not depend on this kind 
of analytical continuation (for more detail, see IfTOl ). 
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As we mentioned above, due to existence of multiple closed geodesies the 
obtained form of the heat kernel for compact symmetric spaces requires an ad- 
ditional regularization, which consists simply in an analytical continuation of the 
result from the complexified noncompact case. In any case, it gives a generating 
function for all heat invariants and reproduces correctly the whole asymptotic ex- 
pansion of the heat kernel diagonal. However, since there are no closed geodesies 
on non-compact symmetric spaces, it seems that the analytical continuation of the 
obtained result for the heat kernel diagonal should give the exact result for the 
non-compact case, and, even more generally, for the general case too. We have 
seen on the example of the two-sphere that our method gives not just the asymp- 
totic expansion of the heat kernel diagonal but, after an appropriate regularization, 
in fact, an exact result for the heat kernel diagonal. 
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